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UNIQUENESS OF SHORTEST CLOSED GEODESICS
FOR GENERIC FINSLER METRICS
JAN PHILIPP SCHRO¨DER
Abstract. In every conformal class of Finsler (or Riemannian) metrics
on a closed manifold there exists a residual subset of Finsler metrics,
such that, with respect to the residual Finsler metrics, in any non-trivial
homotopy class of free loops there is precisely one shortest geodesic loop.
1. Introduction and main result
We consider Finsler metrics on closed manifolds, which can be thought
of as a norm in each tangent space, while we do not assume reversibility,
i.e. symmetry with respect to v 7→ −v. Every Riemannian metric induces
of course a Finsler metric, while it is also well-known that one can study
the much more general Tonelli Lagrangian systems using Finsler metrics, cf.
e.g. [CIPP98].
Let M denote a closed manifold, i.e. compact, connected and ∂M = ∅.
Definition 1.1. A function F : TM → R is a Finsler metric on M , if the
following conditions are satisfied:
(1) (smoothness) F is C∞ at every v ∈ TM, v 6= 0,
(2) (positive homogeneity) F (av) = aF (v) for all v ∈ TM, a ≥ 0,
(3) (strict convexity) the fiberwise Hessian Hess(F 2|TxM ) of the square
F 2 is positive definite at every vector v ∈ TxM −{0} for all x ∈M .
We fix for the rest of the paper a Finsler metric F on M .
In [Man˜96], R. Man˜e´ introduced a concept of genericity for Lagrangian
systems, namely perturbing a given Lagrangian L : TM → R by a potential
function V : M → R and considering the new Lagrangian L′ = L + V .
Properties of such generic Lagrangians have been studied in the literature,
e.g. in [BC08]. In the setting of Finsler metrics, we use a different notion
of genericity, which is related to the before mentioned one via Maupertuis’
principle. We write
E := C∞(M) = C∞(M,R), E+ := {λ ∈ E : λ(x) > 0 ∀x ∈M}
and endow both sets with the C∞-topology.
Definition 1.2. We say that a property P of the Finsler metric F is con-
formly generic, if there exists a residual set O ⊂ E+ (i.e. O is the countable
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intersection of open and dense subsets of E+), such that P holds for every
Finsler metric of the form
√
λ · F, λ ∈ O.
Remark 1.3. • Note that the following two properties are left invari-
ant under the perturbation
√
λ · F . (1) reversibility: F (−v) = F (v)
for all v ∈ TM . (2) Riemannian: F (v) =√g(v, v) for a Riemannian
metric g on M .
• Countable intersections of residual sets are again residual and, as E
is a Fre´chet space, residual sets are dense in E+.
We denote by Γ(M) the set of all non-trivial homotopy classes of free,
piecewise C1 loops c : R/Z→M . A classical way to obtain closed geodesics
in M is minimization of the F -length lF (c) =
∫
F (c˙)dt in the homotopy
classes γ ∈ Γ(M). Namely, for all γ ∈ Γ(M), the infimum infc∈γ lF (c)
exists and is attained at closed geodesics in γ (cf. e.g. Theorem 8.7.1 (2) in
[BCS00]).
In the following, when we speak of F -geodesics c : [a, b]→M , we assume
that c is parametrized such that F (c˙) = const.. Also, if c(t) is a geodesic
and t0 ∈ R, then we think of c(t+ t0) as the same geodesic. We prove here
the following theorem.
Theorem 1.4. Let F be a Finsler metric on a closed manifold M , such
that the set Γ(M) is countable. Then the following property is conformly
generic: F has in each non-trivial, free homotopy class γ ∈ Γ(M) precisely
one shortest closed geodesic.
Structure of this paper. We will approach the proof of Theorem 1.4
through an application of a result due to R. Man˜e´ from [Man˜96]. To keep the
paper self-contained, we prove the special case used in this paper in Section
2. In Section 3, we study probability measures concentrated on loops of a
given homotopy class and prove Theorem 1.4.
2. An abstract result due to R. Man˜e´
In this section, we prove an abstract result, following the ideas of R. Man˜e´
(Section 3 in [Man˜96]). We work in the following setting, where all vector
spaces are real vector spaces.
• E is a Hausdorff topological vector space and has the following prop-
erty: if φ : E → R is such that lim supφ(fn) ≤ φ(f), if fn → f , then
the sublevels {φ < c} ⊂ E are open for all c ∈ R,
• V is a topological vector space and K ⊂ V is non-empty, compact,
convex and metrizable,
• ϕ : E ×K → R is bilinear, sequentially continuous and seperates K
in the sense that
∀x, y ∈ K,x 6= y ∃f ∈ E : ϕ(f, x) 6= ϕ(f, y).
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We set
m(f) := minϕ(f, .)|K ,
M(f) := {x ∈ K : ϕ(f, x) = m(f)}.
As a first observation, we have the following continuity property.
Lemma 2.1. The map f ∈ E 7→ m(f) ∈ R is sequentially continuous.
Moreover, let fn → f in E. Then for all sequences xn ∈ M(fn), any limit
point x of {xn} ⊂ K belongs to M(f).
Proof. If x ∈M(f), then by the continuity of ϕ
m(f) = ϕ(f, x) = limϕ(fn, x) ≥ lim supm(fn).
Let xn ∈ M(fn), then after passing to a subsequence, assume that xn → x
in K. Then we have
m(fn) = ϕ(fn, xn)→ ϕ(f, x) ≥ m(f),(1)
showing that lim infm(fn) ≥ m(f). The first claim follows. Moreover, using
m(fn)→ m(f), (1) shows that x = lim xn ∈ M(f). 
Theorem 2.2 (Man˜e´). There exists a residual subset O ⊂ E (i.e. a count-
able intersection of open and dense subsets), such that
f ∈ O =⇒ cardM(f) = 1.
In the following, we fix a metric d on K, whose induced topology coincides
with the original topology on K, rendering (K, d) a compact metric space.
For a subset M ⊂ (K, d) we write
diamM = sup{d(x, y) : x, y ∈M}.
Proof. Set On := {f ∈ E : diamM(f) < 1/n} and O =
⋂
n∈NOn. The den-
sity of On will follow from Lemma 2.4 below. Suppose now that f, fk ∈ E
with fk → f . By Lemma 2.1, if xk, yk ∈ M(fk) are chosen such that
lim sup d(xk, yk) = lim supdiamM(fk), we find limits x, y ∈ M(f) with
d(x, y) ≥ lim sup diamM(fk). This shows that f 7→ diamM(f) is sequen-
tially upper semi-continuous and by our assumption on E, it follows that
the sets On are open. 
Given a closed, convex subset K0 ⊂ K and f ∈ E, we set
M0(f) := {x ∈ K0 : ϕ(f, x) = minϕ(f, .)|K0}.
Lemma 2.3. If K0 ⊂ K is closed and convex, then
∀ε > 0 ∃f ∈ E : diamM0(f) ≤ ε.
Proof. For x 6= y in K0 let f(x, y) ∈ E such that ϕ(f(x, y), x − y) 6= 0
and consider open neighborhoods U(x, y) ⊂ K0 × K0 of (x, y), such that
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ϕ(f(x, y), x′−y′) 6= 0 for all (x′, y′) ∈ U(x, y). We find a sequence U(xn, yn)
covering K0 ×K0 − diag.1 Setting fn := f(xn, yn), we find
∀x, y ∈ K0, x 6= y ∃n ∈ N : ϕ(fn, x− y) 6= 0.(2)
For n ∈ N consider the linear map
Tn : K0 → Rn, Tn(x) := (ϕ(f1, x), ..., ϕ(fn, x)).
Fix ε > 0. We claim that
∃n ∈ N ∀p ∈ Rn : diamT−1n (p) ≤ ε.(3)
Proof of (3): Suppose that for all n ∈ N we find pn ∈ Rn, such that
diamT−1n (pn) > ε. Then we find a sequences xn, yn ∈ K0, such that
Tn(xn) = Tn(yn) = pn and d(xn, yn) ≥ ε. Choosing convergent subse-
quences of xn, yn by the compactness of K0, we find limits x, y ∈ K0 with
d(x, y) ≥ ε. By (2), we find then i ∈ N, such that ϕ(fi, x − y) 6= 0 and by
continuity of ϕ, we have for large n ≥ i (using the euclidean distance in Rn)
0 = d(Tn(xn), Tn(yn)) ≥ |ϕ(fi, xn − yn)| ≥ |ϕ(fi, x− y)|/2 > 0,
a contradiction.
We fix n, such that (3) holds. Let p ∈ Tn(K0) be an exposed point, i.e.
there exists v ∈ (Rn)∗, such that v|Tn(K0) attains its unique minimum at p
(such points exist by Straszewicz’s theorem, since Tn(K0) ⊂ Rn is convex
and compact and hence has extremal points).Writing v =
∑n
i=1 vi · dxi and
using the linearity of ϕ, we obtain
v ◦ Tn = ϕ(f, .)|K0 , where f :=
n∑
i=1
vi · fi.
By definition of v and M0(f), we find
M0(f) = T−1n (p).
The claim follows using (3). 
Lemma 2.4. If f ∈ E, then
∀ ε > 0, U ⊂ E neighborhood of f, ∃f∗ ∈ U : diamM(f∗) ≤ ε.
Proof. Fix f ∈ E and ε > 0. The set K0 :=M(f) ⊂ K is closed and convex,
so by Lemma 2.3, we find g ∈ E, such that m0(g) := minϕ(g, .)|M(f0) is
attained in a set
M0(g) ⊂M(f), diamM0(g) ≤ ε/2.(4)
1K0 ×K0 is a compact metric space. In general, let (M,d) be a compact metric space
and D ⊂ M a closed subset, so x ∈ D iff d(x,D) = 0. Suppose that for all x ∈ M − D
we are given an open neighborhood Ux ⊂ M − D of x and for n ∈ N consider the open
cover Un := {Ux}x∈M−D ∪ {Bd(x, 1/n)}x∈D of M . Then Un has a finite subcover and
with n→∞, we obtain a countable subcover of M −D of {Ux}x∈M−D by taking for each
n ∈ N finitely many Ux, x ∈M −D.
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We want to prove that
lim
t→0
diamM(f + tg) ≤ ε,(5)
then the lemma follows. Observe that for x ∈M0(g) ⊂M(f) we have
m(f + tg) ≤ ϕ(f + tg, x) = m(f) + t ·m0(g).(6)
For x ∈ M(f + tg) it follows, that
t · ϕ(g, x) = ϕ(f + tg, x)︸ ︷︷ ︸
=m(f+tg)
− ϕ(f, x)︸ ︷︷ ︸
≥m(f)
≤ m(f + tg)−m(f)
(6)
≤ m(f) + t ·m0(g) −m(f) = t ·m0(g)
and hence for t > 0
ϕ(g, .)|M(f+tg) ≤ m0(g).(7)
Let now xt, yt ∈ M(f + tg), then by Lemma 2.1, any pair of limit points
x, y, as t→ 0, belongs toM(f). Moreover, (7) shows that ϕ(g, x), ϕ(g, y) ≤
m0(g), i.e. x, y ∈ M0(g), hence d(x, y) ≤ ε/2 by (4) and for t > 0 small we
have d(xt, yt) ≤ ε. Hence, (5) follows. 
3. Measures on free loops
We return to the setting described in the introduction and begin with
some notation. Let |.| be the norm of a fixed Riemannian metric g on
the closed manifold M . For b > 0 denote by Mb the set of probabilities
supported in the compact set
T≤bM := {v ∈ TM : |v| ≤ b}.
Then Mb can be identified with a subset of the dual space C0(T≤bM)∗. We
endow Mb with the topology of weak*-convergence, i.e.
µn → µ ⇐⇒
∫
fdµn →
∫
fdµ ∀f ∈ C0(T≤bM).
It is well-known thatMb is convex, metrizable and compact with respect to
this topology.
Definition 3.1. Fix γ ∈ Γ(M) and b > 0. If c : R/Z→M is piecewise C1
with |c˙| ≤ b, we define µc ∈ Mb ⊂ C0(T≤bM)∗ by∫
fdµc =
∫ 1
0
f(c˙)dt ∀f ∈ C0(T≤bM).
and define Kbγ ⊂Mb to be the closure of the convex hull of{
µc ∈ Mb | c : R/Z→M piecewise C1, c ∈ γ, |c˙| ≤ b
}
.
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By the compactness and convexity ofMb, the sets Kbγ are always compact
and convex. We will show that for large b, given the Finsler metric F , we
always find particular minimizers of the action
AF : K
b
γ → R, AF (µ) :=
∫
F 2dµ,
which are defined by shortest geodesic loops in γ. Note that, since F is
continuous, AF is continuous by definition of the weak*-topology. Obviously,
AF is also linear.
Using the compactness of M , we denote by cF ≥ 1 some constant, such
that
1
cF
· F ≤ |.| ≤ cF · F
and writing lF , lg for the lengths with respect to F, g, respectively, we define
C0(F, γ) := c
2
F ·min
c∈γ lg(c).
Lemma 3.2. If c : R/Z → M is an F -geodesic loop, minimal with respect
to lF in γ ∈ Γ(M), then for all b ≥ C0(F, γ) the measure µc lies in Kbγ and
µc is minimal in K
b
γ with respect to the action AF : K
b
γ → R.
Proof. Let c0 : R/Z → M be a g-geodesic loop, minimal in γ with respect
to lg. If c : R/Z → M is minimal in γ with respect to lF , using lg(c0) =
|c˙0|, lF (c) = F (c˙), we find
|c˙| ≤ cF · F (c˙) ≤ cF ·maxF (c˙0) ≤ c2F · |c˙0| = c2F ·min
c∈γ lg(c) = C0(F, γ).
We obtain µc ∈ Kbγ for b ≥ C0(F, γ). The L2-Cauchy-Schwarz inequality
shows for any piecewise C1 curve α : [0, 1]→M , that
lF (α[0, 1])
2 = 〈F (α˙), 1 〉2L2[0,1] ≤ ‖F (α˙)‖2L2[0,1] · ‖1‖2L2[0,1] =
∫ 1
0
F 2(α˙)dt
= AF (µα)
with equality if and only if the piecewise C0-functions 1, F (α˙) : [0, 1] → R
are linearly dependent. Hence
lF (α[0, 1])
2 ≤ AF (µα), equality ⇐⇒ ∃k ∈ R : F (α˙) = k a.e.(8)
and we find for any piecewise C1 loop c′ : R/Z→M in γ with |c˙′| ≤ b, using
F (c˙) = const. and the minimality of c in γ, that
AF (µc) = lF (c)
2 ≤ lF (c′)2
(8)
≤ AF (µc′).
Using the continuity and linearity of AF , we find
AF (µc) ≤ AF (µ) ∀µ ∈ Kbγ .

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In order to apply Theorem 2.2 to our situation, we introduce the relevant
notation. Recall E = C∞(M) and define a metric d on E by
d(f, g) =
∑
k≥0
1
2k
‖f − g‖k
1 + ‖f − g‖k ,
where ‖.‖k denotes the Ck-norm. This metric generates the C∞-topology on
E. In particular, E is a Hausdorff topological vector space and a set U ⊂ E
is open if for all f ∈ U we find an open Ball Bd(f, ε) ⊂ U . Let φ : E → R
be upper semi-continuous in the sense that lim supφ(fn) ≤ φ(f), if fn → f .
We claim that the sets {f ∈ E : φ(f) < c} are open in E. Suppose the
contrary, i.e. there exists f ∈ E with φ(f) < c and for all n ∈ N there exists
fn ∈ Bd(f, 1/n), such that φ(fn) ≥ c. But then c ≤ lim supφ(fn) ≤ φ(f) <
c, contradiction.
Let
M := {µ positive, finite Borel measure on M} ⊂ C0(M)∗,
which is metrizable, when endowed with the weak*-topology (cf. e.g. Theo-
rem 8.3.2 in [Bog07]). Similar to the setting in [BC08], writing pi : TM →M
for the canonical projection, we define a projection
piF∗ : ∪b>0Mb →M,
∫
fd(piF∗ µ) :=
∫
(f ◦ pi) · F 2dµ ∀f ∈ C0(M).
The map piF∗ is linear and continuous and hence the set
K := piF∗ (K
b
γ) ⊂ V := span(K) ⊂ C0(M)∗
is convex, compact and metrizable in M, suppressing γ, b in the notation for
the moment. We define a bilinear, continuous map by integration:
ϕ : E ×K → R, ϕ(f, µ) :=
∫
fdµ.
Then ϕ separates K ⊂ C0(M)∗, since E is dense in C0(M). Write
Mbγ(f) := {µ ∈ K : ϕ(f, µ) = minϕ(f, .)|K}.
Theorem 2.2 can then be restated in our situation as follows.
Corollary 3.3. In the setting described above, assuming Kbγ 6= ∅, there
exists a residual set Obγ ⊂ E, such that
f ∈ Obγ =⇒ cardMbγ(f) = 1.
Using this result, we can prove our main theorem.
Proof of Theorem 1.4. Note that for b ≥ C0(F, γ) = c2F · minγ lg we have
Kbγ 6= ∅ by Lemma 3.2. Recall E+ = {λ ∈ E : λ(x) > 0 ∀x ∈M}. For fixed
γ ∈ Γ(M), using the residual sets Obγ from Corollary 3.3, we consider the
residual subset of E+ defined by
Oγ :=
⋂
b∈N, b≥C0(F,γ)
Obγ ∩ E+.
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Let λ ∈ Oγ and assume that there are two shortest
√
λF -geodesic loops
c0, c1 : R/Z→M in γ. We choose
b ∈ N, b ≥ max{C0(
√
λF, γ), C0(F, γ)},
then by definition of Oγ we have λ ∈ Obγ . By Lemma 3.2, the two measures
µc0 , µc1 evenly distributed on c˙0, c˙1 belong to K
b
γ and minimize the action
A√
λF
: Kbγ → R. Hence, if µ = piF∗ µˆ ∈ K for some µˆ ∈ Kbγ , we find
ϕ(λ, piF∗ µci) =
∫
λd(piF∗ µci) =
∫
(λ ◦ pi) · F 2dµci = A√λF (µci)
≤ A√
λF
(µˆ) = ϕ(λ, piF∗ µˆ) = ϕ(λ, µ).
This shows that both piF∗ µci minimize ϕ(λ, .)|K and, by definition of λ ∈ Obγ ,
we have piF∗ µc0 = pi
F∗ µc1 . We obtain∫
fd(piF∗ µc0) =
∫
fd(piF∗ µc1) ∀f ∈ C0(M),
showing that for all f ∈ C0(M) we have∫ 1
0
(f ◦ c0) · F (c˙0)2dt > 0 ⇐⇒
∫ 1
0
(f ◦ c1) · F (c˙1)2dt > 0.
By considering bump functions f : M → [0,∞) and using F (c˙i) > 0 we
obtain c0[0, 1] = c1[0, 1]. Hence, the ci are reparametrizations of each other.
Finally, we set
O :=
⋂
γ∈Γ(M)
Oγ ,
which is residual in E+, since Γ(M) is countable by assumption. The theo-
rem follows. 
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